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The Laboratory Frame

The observer and the center of symmetry
of the star are at rest. The calculation of
the scattering terms imits the maximum
velocity to a few times the mean thermal
velocity.

Eulerian v-¥ = Lazramzian
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Following the modion

The Comoving Frame (CMF)

The interaction partner is at rest
v, =~ (l—3-q)
This induce aberration
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— — n — _— |
: ¥y h"‘l} .

and 4 = (1 — 32)~1/2

I
F =i

-

o1 _ ol - ol ov
ax  ax'vt o avoX




The comoving frame of the Huid

Advantages

n and v coefficients are isotropic

The scattering integral can be
calculated assuming an
angle-averaged redistribution
function.

Complete redistribution can be
assumed

Line formation problems in the
presence of large flow-velocity
gradients are greatly facilitated when
working in the comoving frame of

the fluid

Disadvantages

@ The radiative transfer equation in the

CMF contains a term involving the
frequency derivative of the intensity.
it is an initial-plus-boundary-value
problem for coupled partial
integro-differential equations.

A separate calculation i1s necessary to
obtain the emergent radiation field
in the frame of a stationary observer.
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The transfer equation for radiation of frequency v, flowing in a direction p = cos(i?)

with the radius vector r as seen by an cbserver moving with a gas element, in a
spherically symmetric configuration with radial flow velocities v{r], is

The Radiative Transfer Equation in the CMF.

i 1—pu* @ i
;Jmi{u:u-r}+ - mil{p T .rj——Jl pt + Jp }II[.'

= nle, r) — x{ee r ) e g, r)

In the CMF, the total emissivity (1) and .
opacity () are isotropic.

alr) = mwvir)/c. | | |
dir)=dinwvir)/dinr, Ay - "
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The impact parameters

It 15 helpful to use a coordinate
system (z. p), specified by a set of
parallel rays parametrised by the
perpendicular distance to the
center of symmetry

@ p: the impact parameter

@ z: the distance z along the
ray

0 r= (gt +22)"3

The BT of frequency « flowing along a ray with impact parameter p is

-J-%.I'L[u.p: z)— i [l — ,u + i[r]-,uj] E—.I' (2. p, ) = n(ee, r) — (0, rj.l'l{za' p.Z).



Set of specific intensity selected for the calculation of the mean intensity
(Gros et al. 1997)



For each ray p, we can define I and | sothat

v v .
£ — 1 (p.2) — v lr) —IF(p. 2) = nulr) — xulr)F (p. 2).
o0z e

el r)

with  ~vu(z) = ] [1 — e 4 G{-"JPQ]

We can also define a " mean intensity” and " average flux" along p

1
Uelp.2) = 5 [k (p.2) + 1 (2. 2)]

Vielp,z) = i [.I'p' {p. z) — L. (P, :-:]I] .

I~ "
1 a, () y y o
— e (D) Vi(z) = ~Vo(2)
1 a4
— V. (= wlz _U z S5.(z)-U,.(z
— 5 Vel o Uul2) = Su2) - Uil :
Sulr) = malr) xulr) —+

The source function



The total opacity and emissivity at frequency i+, evaluated in the comoving frame, can

be written as

xe(r) = x"(r)é(v, r) + x5(r) + Tene(r)
me(r) = 5t (). r) + n°(r) + gene(r)S(r).

L: line and C: continuum processes

The opacity and emissivity in the ! — u transition depends on the NLTE occupational
numbers {n; and n,), which are obtained via the rates equations.

Xiwl#) = () [ — gle)m] .

M) = {Ehar:’,."r:ﬂ?j Tl b ) i (0 )y
The total source function is

_ i".lll'[f]'l..".'l{[-': r) 4+ 55 (r) + dang{r)te(r) _ AT+ e.(r
R 1 P e v 1 R L

f{r}—fm dv g r) f: dp U{p. ).

=)
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Our system of equations requires the specification of both boundary and imitial
conditions.

Boundary and initial conditions

Spatial outer boundary conditions

@ r=R I~ (2. p. Zma=x) = 0 then

& H-'[:P-zm:mj — UH{P-EEMJ.:}
1/
Tmax — “?E - F'Z]

1 i 7]

i
],;'|::j.n': E‘] F.:Iz”[:‘l- zrna:-:} = I:_E-". zrrl.:r:} EU[_H. zl‘l".:u-:} — Ll'[i.n'_ zm‘:.:]__

For p>rc 1I*(p,0)=1(p,0) => V(p,0)=0
Inner boundary conditions =) o o
For p<rc U(p, z,,) => diffusion approximation




Difference equations

Difference the above equations

ﬂc.d-l'lh.dnlfé.,lji..ﬂnl_ﬂdq.‘,.;rfg-"kd 1 N 1 fiod—1Gn,d—177_ g Hhd—1
AKX g AXy ai1/2 DXt AXyp gr1r2 AXp g-1/2 AXpg AKXy g 172

and

I:fmmﬂz-‘f — feagrrri Jt) JAXE 302 = ri by Jiy

The Eddington factors f.. gv. hv. me, and the sphencity factor g, are given. In practice,
these factors are evaluated by means of a ray-by-ray formal selution in the comoving

frame. The Source function is given.



Similarly, for a continuum transition,

A wir Ty ket Sir d

Shukd = ukd P r— + By kd + Ch, kit fhet
*_I'

where the coefficients a, b, and ¢ are given by equations (4.19)-(4.21) with v, » and
£, 4 replaced by v, o' and €, 1o, respectively. The summation covers the frequency

range { Viya, Vil )-
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The Equivalent Two-atom Approach

= | = 4
HJ_.E it
An expression for (ny/ny) can be obtained 1L Leverd 2 {emargy ra]
directly from rows [ and u of the statistical i 1 ' h
equilibrium equations. R 1 R
- = . .. It E ;l'l".:
Cy
V. ';' Larenl 1 demorgy vy )

i I jsln T I sl
where
P+ [ Ru+ ¥ Pu+ 3 Pi+Cu|l= 2 mPut? nPp
ol Joeu e il =T

Vi 4 J
sur =20 [ £ g
- f



Explicit transtitions

n(Ry, + a;) — n, Py = a,

—mPy, + n(Ry + a;3) = a,

(nlz/”u) = (Ry + o)/(Riy + Bi)

Slu z ['Tlu + (Blu/BIu)]/[l o (O‘m - glﬁﬁlu)/AuI] = 7!&] = 'ylujlu T €lu




System of algebraic equations for the ocupational numbers
ddnd = '@d ’

ad — T
B = (nld, e oo Bras Bugs - - -9 Rygs nkd)

L = nideu,d — nudRuZ,d

on?
Snd — Z ath Sth Snl — Z,/V;tszt

§Z, = Lon, + Usn, + R,

MBZ, = (I — LN,y — UN JOZ, = «?( meszy) S ./Vut.szy) R,
oy |

U3



Lambda lteration Method

4[ Build an atmospheric + wind model }

( Compute absorption and emission
| coefficients in LTE )

[ Solve the radiative transfer (RT)
| _equation for the continuum |

L Solve the RT equations for explicit lines ]
dl/dv is initial condition (blue wind)

[ Rate equations = Iterate until n,/n, 1
| reaches convergence -- ETLA scheme |

( Solve the RT equations for )
__selected continua and lines. J




Solution ray by ray over all the shells

Calcualtion of the mean
Intensity and flux using
all rays ata given r

[ Jy,» H,, efc }

Solve the equations 1

for the momentum of Eddinaton f
the radiation until (s f '”r? on actgrs
convergence v+ Gy Ny, N, and g,




Once the problema is solved we have S, and |,

J,, K,, H, are given in the atom’s frame for the lines
and the continuun radiation

Then, we have to solve the TR equation to calculate the
spectrum in the observer’s frame.

This last step is solved using the known

source function S, for the lines (Doppler effect).




2500_“T|Tllll|llll||lll]lTll|II|l|lll1|ll|‘l||l”[lnl
20005 %
Examples of line calculations < 0oL ]
Mihalas et al. (1978) : L =
> 1000 .
500:- / i
g ,{/ -
ﬂlllllllllll]lIIIllllllllllllllllllllllll—
%% 10 20 30 40 50 60 70 80 90 100
r/r|
60 R B S E— | e D s S S T N
A1640 40 AI2IS =
50+ =
C\ 3.5'_
o 40 -1 3.0
W
= 301 {5
20
20 1.6}

I.O l.o

05 osL_1B7 i
-15 -10 -05 O 05 10 15 -10-08-06-04-02 0 02 0406

AX A




|
|
[N

FafFe

| Te o
I V(r) = Vo (=)

\
o4 | Y
\
oz | R l::
X X0
0 1 L | L 1
-4 -2 [] 2 4
x
Vas1 Vou3
T T T T T is T T T T T
H

18 A f
[
|I 18 | [
[ | 1
14l | I
| 14 |
| |
1zl | |

| 12t
. A | AN

FafFe
"

0B L

_ |
o i g
1 na |
\ | |
08 | ! |
ST \ | 0e L |
.," I'.
o4 o/ 04
p—_— S
(-3
o . . ol . .
- -4 > [ z 4 [3 2 1 [} 1 2
S o
Vo e 10 Ve u 30
18 T T T T T T T T T T
o~
izl T
14 /
|"J i
/ |
1zl \ / |
| | S— \ -
1 i /
11 — 1 o - I|
| _r/ |I
i | { o | I'
0B ! L \
z ' § os L
| | 1 |
| | | |
08 b | ! Lo
I| 06 | | |I
o4 | () L
VS |
o |
[3-33 |
vl ]
oL 1 1 L 1 1 1 1 1 1
E] 05 [] 05 1 15 05 [ 0.5 1
e iy

Figura 6.5: Flujos emergentes obtenidos para una atmésfera con las mismas
propiedades fisicas que las consideradas en Mihalas (1980).




PCygni star modelled using a velocity beta-law
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Numerical Methods: Pros and Cons

Carpe da seicddeden pars oma sirudscon 2 ure meochedsaenda

The Lagrange reference frame - Comoving frame

« Good performance for large velocity fields E b

« Opacity and emissivity coefficients are isotropic

« Complete redistribution functions

* Line profiles are symmetric (small interval of frequencies)

* It can be used only with monotonic velocity field

 Coefficients are vectors and Matrixes



Implicit Integral Method (11M)

Simonneau & Crivelari (1993)

Forth & Back Implicit Lambda Iteration -- FBLIT
By Atanackovic-VVukmanovic et al. (1997)



1
: [=(1,p,v) = o= (1, v) [jrj:('rj ,v) — S=(7, ., 1/)]
-

4y —
lud

(7, 1, v) = / o (t, p, v)dt
0

I(f) [(f)
— —_—
-(__ A B
n .
(1) L l(A)
."—' - ‘.‘_

Plane-parallel atmosphere. Intensity for incoming and outcoming directions



The incoming and outcoming directions
/ {T: L, Lﬂ"} — j;l (U.. I, L"') e T (7,p,0) [ o

T (T,1,10)
+ / S™(t,p,v)e (7 () t}f”’di/,u

0

I"(r,p,v) = IE (7B, 1, V) e_(’rﬂ(%”)_ﬁ(’r:ﬁ#))m

TB(P::‘U)
R —

s ENTRY

1 00 +1
J, (1) = 5/0 dv/l dp (7, p, v) (T, 1, v),



S.U(T) — fly + ](2,,,, Z O_L

o, (1) are polynomial that depends on 1



I(r,pv) = If(tp,p,v) o~ (7B (pv)—T (1)) /1

TB(KV)
+ / S+ (t, I I/) e—(t—*rﬂ'f,&ff))f# dt/,u,

T+ (7, p1,v)
NL
Su(7) = fiu(T) + fa(7) D o0 (1) Jp(T1
L=1

We introduce S in the TR equation. We separate thermal terms
form the scattering ones

NL

I7 =7+ ) ApJe(r)
= ‘ NL equations

—’)/Z —|—ZA JQO TL




NDxNF+1 coefficients. The coefficients are saved in each
layer. This is the most important relation of the 1IM

ND NF
Jp = f"l(’TL? i, U.}')I+(TL+11 [, Vy) + C(’TL)
I=1 J=1
ND NF
I (7, iy, vy) = ZZRH; v, iy V) I (Togns pis v) + o pr, v43.32)
i=1 j=1

+ i'f'iﬁ-llef.f]r};(TL+1]

I (roopp,vy) = I(mpeprvy)erpl—At(pr,vy) /g + golper, vAB.33)

+ 0 (H-L L’J}-ﬂ:{’&) + ga(pir, H.I]J:,::I:TL—IJ



S iIs expressed as a linear relationship

J;(TL) = bES(TL) + EES;(TL)E

I (Tpaa,pv) = 1 (71,1, u)e_m”‘ + vy S(7, pt, V)

+ vy S(Togr, s v) + vy S (Togr, i, v)

I (o1, p,v) = A (p,v) + B (11, 0)S(7p41) +C (1, )S" (71 + 1),

After integrating, we have

J;(TLH) =ap ., + E:’E+1S("rf.z+1) + f?£+1SI(’TL+1)-



ND NF

Jp = Z ZA{TL? por, V) I (1o, pr, vy) + C(1r)

=1 J=1
'

Coopa L=1

NDxNF+1 coefficients

I (i1, v) = A (pov) + B (u,v)S(1041) +C (. v)S' (11 + 1),

Obtain Sand |
Capa L=K the found relati
A~ (pv) = I (r pv)e 8 4 47 87, o, v)

‘ ﬂHF“ L:{+1

Compute coefficients

Capa L=hL

Initial conditions



Radiative transfer equation in a moving media

vV =v — (- d/e).
pol (z, p,v) [0z = n(z, wu,v) — x(z, V) (2, u, v)

Uj—gﬂ

ﬁ.b"ﬂ .

xT ] =

xy =z — pV.
K(z, 1) = ke(2) + K1(2)0(2, i1, x)
?'_:-'(3._ J“".' T) = ?’_}'{:(2) + ?’H{E}(;.f)(z._, 1“-': :I:):

oz, ) = oz, 0 — pV).



S(z, 1, ) = [0(2, 1, 2)S1(2) + Be(2)Se(2)] /92, 1, ) + Fe(2))]

dI(z, i, x)
dr(z, pt, x)

=I(z,p,z) — S(z,p,x).

0,p1,x)
I(Zmaz, 1, ) = I(ﬂ:ﬁ*j:)e_ﬂn?p:x] +/ S(zﬁ‘u]m)e_T{z‘“‘I}dT(zsﬁjm)
0

= 1(0, p, x)e O 4

(0,p,x)
! f [O(7, 84(7) + Be(7)Se(7)] €77 ru(7)dT
0

+0o0
S(ropx) = filr,px) + falr, py / dr/ x) (7, p, ) dp



[IM is similar to Feautrier but use scalar operators
Instead of vectors and matrix

(1) I (U, ])

[F(JI) = e 27Dk (1 1)+ GO(J, 1)+ GL(J,1)J; (4.13)
+ G2(J,1)Jp + GP1(J, 1) J, +GP2(J, 1)J;

NF ND
I;(J.I) = Y Y R(JIJPIP)I  (JP.IP)+T(JI) (4.14)
JP=11P=1
+ SU(J,I)Jy + S2(J, 1) Jp ey + SPI(J 1) J;, + SP2(J, 1) ]},

1 7r.+1
ATH(JT) = — (Bo(T) + &* (7, pr, xz))dr

Ju'-lr TL



T Al
[ e x S+ )+ S 1) (4.30

Y(T)AT = Av*©

h.:.“'ll—l

"o v)dr = 5L [[8(r, ) + 6(ra, )] + E[‘i} ) = el
[ semar=y| N



Ty = Ao or(xy ,”1) = &UDL@(TJ)
d d ﬁ;’g ,
[d (Tf J“f)] - [E&UD]O( J‘T)

ﬁLD d{p(f_;) d AL‘D

0

(e U5 et = 21)
&LD d;_r

- (&UD - )L}

In the local frame the profile is symmetric

3(7) = o(—7)
In the observer’s frame, It Is asymmetric

O(—x, —p) = ¢(x, 1)



fs(n)

faln)

Zona 1 e Zona 2 Fona 3

Shift of the line profile between two consecutive layers. Cases A and B

DV <0yp>0.

Vo>0yp<0
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" AT |
/ O(7, v)dr ~ - [[cﬁ(ﬂ; V) + ¢, V)] + — [¢ (11, ) — ¢/ (72, V)]
NF . |
I (zy,p) + 1 (2,
Jo = ZZ i-fl-f’F{._,-'){f}(:f:_;)/ du (7, 1) (x5, 1)
| J=1 0 2

WEF: the Gaussian quadrature

NF: frequency grid

I*(X, u) # I(X, n) the profile is not symmetric - all
frequencies should be considered



The 1M for Moving Media

index
for
| directions
- ! 1
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— ‘lf L—1
/ e : o~ tﬂ
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1/ i \l E\L

— R(N)— L+1 L =1 1

R(L) index for loyers
R(1)

Grid of radii and impact parameters (Gros et al 1997)



Set of specific intensity selected for the calculation of the mean intensity
(Gros et al. 1997)



s+ Shape of line profiles for different values of Vo

I V(r) = Vo (=)
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Figura 6.5: Flujos emergentes obtenidos para una atmosfera con las mismas
nroniedasdes ficirag Aa1ie lag conaeideradas enn Mibhalag (19R0)%
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Velocity laws

Campad dé velbcidades para una simulacion de una macrolurbulencia
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Velocidad
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Numerical Methods: Pros and Cons

The Euler reference frame - I|IM FBLIT

It can be used with non monotonic velocity field

T de ssicddedes pars zma aliraeckn 28 ure meockzdealencia

o Coefficients are scalar.
« Easy to implement

« Bad performance: high-time consuming

+

process when large velocity fields are.

considered B



